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ABSTRACT
Disordered hyperuniform materials are exotic amorphous systems that simultaneously exhibit anomalous suppression of long-range density
fluctuations, comparable in amplitude to that of crystals and quasi-crystalline materials, while lacking the translational order characteristic of
simple liquids. We establish a framework to quantitatively predict the emergence of hyperuniformity in polymeric materials by considering
the distribution of localized polymer subregions, instead of considering the whole material. We demonstrate that this highly tunable approach
results in arbitrarily small long-range density fluctuations in the liquid state. Our simulations also indicate that long-ranged density fluctuation
of the whole polymeric material is remarkably insensitive to molecular topology (linear chain, unknotted ring, star, and bottlebrush) and
depends on temperature in an apparently near universal fashion. Our findings open the way for the creation of nearly perfect hyperuniform
polymeric materials.

https://doi.org/10.1063/5.0017861., s

I. INTRODUCTION

The lossless propagation of electromagnetic or sound waves
in a material requires the lack of structural heterogeneities in the
material that induce wave scattering. Perfect crystals and quasicrys-
tals belong to this class of materials since their atoms are dis-
tributed in space so that the long-ranged density fluctuations are
completely suppressed, an effect that can be directly observed in
x-ray, light, or neutron scattering experiments. This special class
of materials is called hyperuniform.1,2 However, crystals are not
the only materials that are hyperuniform. Disordered and isotropic
materials that exhibit hyperuniformity are attracting attention1–6

for potential use for a wide range of applications, including bio-
logical tissue,7 photonic band gap materials,8–10 2D-materials,11

enhanced pinning in superconductors,12 terahertz quantum las-
ing,13 as well as enhancement of optical14 and mechanical proper-
ties.15,16 There are two key advantages for these materials over crys-
tals, the high defect tolerance17 and isotropy, which are necessary
for the creation of isotropic thermal radiation sources18 and wave-
guides with an arbitrary bending angle.19 While disordered hyper-
uniform patterns have been observed in nature in the distribution of

photo-receptors of core cells in avian eyes7 and limited cases have
been reproduced with model systems, such as emulsified droplets3

and the glassy minority blocks of sphere-forming block copoly-
mers,4 the practical creation of amorphous hyperuniform materials
remains a challenge.

Liquids are typically disordered and isotropic, making them
potential candidates for disordered hyperuniform materials. How-
ever, they are subject to thermal fluctuations that contribute to the
long-range density fluctuations, disrupting hyperuniformity in the
liquid state. Indeed, most proposed hyperuniform materials, such
as strictly jammed hard spheres1 and emulsified droplets,3 operate
at thermodynamic conditions or length scales where thermal fluc-
tuations are negligible or in off-equilibrium conditions.2,20 Thus,
the challenge for a liquid to be hyperuniform in equilibrium is that
its long-range density fluctuations must be nearly completely sup-
pressed in amplitude as in a crystal while retaining its flow char-
acteristics. This can be understood quantitatively by defining the
“degree of hyperuniformity” h as the ratio of the structure fac-
tor S(q) in the limit q → 0, related to long-ranged density fluc-
tuations, over the value of S(q) at the first peak Sp, which repre-
sents the degree of particle localization at the average interparticle
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distance.2,17 Correspondingly, h = 0 for a perfect hyperuniform
material, but more generally, a material at equilibrium is considered
“effectively hyperuniform” if h satisfies the inequality h ≡ S(0)/Sp
< 10−3 ≡ h0.2,17 Typical simple liquids exhibit h ≈ 10−2, while h in
amorphous ice progressively approaches h0 at elevated pressures and
low temperatures.21 Models of superfluid 4He22 and one-component
plasma23 have been suggested to be hyperuniform.2 However, no
material suitable for manufacturing has been reported to exhibit
h≪ h0.

Polymer melts above the glass transition temperatureTg behave
similar to simple liquids, and they exhibit h ≳ h0 in the liquid
state even near Tg.24 We have showed recently that the degree
of hyperuniformity of the distribution of localized substituent
parts (e.g., backbone in bottlebrushes) of the polymer, hL, exhibits
enhanced hyperuniformity, hL < h0,25,26 but there is little under-
standing on how h and hL are related. Moreover, a direct calcu-
lation of hL requires expensive large scale simulations that need
to be repeated for each molecular structure and thermodynamic
state. In our investigation, we expand upon our previous phe-
nomenological observations by establishing a material design frame-
work to quantitatively predict the emergence of hyperuniformity
in polymer melts at equilibrium, evaluated over a wide range of
molecular structures, molecular masses, and temperatures. Our pro-
posed framework provides an understanding of how molecular
characteristics influence hL, and it significantly reduces the cost in
the estimation of hL. Moreover, it provides material design path-
ways for the practical creation of polymeric materials that exhibit
nearly perfect hyperuniformity, h0 ≫ hL → 0, even in the liquid
state.

II. MODEL AND METHODS
Our system consists of Np polymers, ranging from Np = 400

to 250 000 polymers. A bottlebrush polymer is composed by a linear
chain having Nb segments as the backbone and side chains of M seg-
ments each. Each bottlebrush polymer has f side chains, where one
of their free ends is grafted along the backbone chain in a uniform
fashion. Thus, the total number of interaction centers per bottle-
brush polymer is Mw = fM + Nb. A star polymer is effectively a
bottlebrush having the shortest possible backbone, i.e., Nb = 1. Thus,
the backbone becomes the core particle at which f side chains are
grafted on its surface. A linear chain is a special case of star polymers,
and by extension of bottlebrushes, from the bottlebrush model, one
recovers the linear chain molecular architecture by having Nb = 1 (as
in star polymers) and f = 2. The main focus of the current study is
on the following molecular architectures: linear chains (f = 2 arms)
having M = 5 and M = 40 segments per arm, star polymers hav-
ing f = 8, 16 arms and M = 5 segments, and bottlebrush polymers
having Nb = 40 backbone segments, f = 40 side chains, and M = 10
segments per side chain. A schematic illustrating the key features
of different molecular architectures is presented in Fig. 1(a). The
interactions between all types of segments are described by the cut-
and-shifted Lennard-Jones (LJ) potential, where ε and σ define the
units of energy and length, and a cutoff distance rc = 2.5σ. Addi-
tionally, segments along a chain are connected via a stiff harmonic
spring, VH(r) = k(r − l0)2, where l0 = 0.99σ is the equilibrium
length of the spring and k = 2500ε/σ2 is the spring constant. In terms

FIG. 1. (a) Schematic illustration of the topological architecture of linear chain, reg-
ular star, and bottlebrush polymers. (b) Screenshots of a polymer melt composed
of 400 stars, having f = 16 arms and M = 5 arm length, with all the segments
visible (left) and only the core particles along with a single star are visible for visu-
alization purposes (right). (c) Screenshot of the core particles of a polymer melt
composed of 250 000 star polymers, the same type as in (b), corresponding to
20 250 000 interaction centers; these large scale simulations were necessary to
probe hyperuniformity.

of the units of real polymer chains, the beads should be identified
with statistical segments of flexible polymer having a typical scale of
1 nm–2 nm.

Simulations were performed in a cubic box with length L; peri-
odic boundary conditions were applied in all three directions. We
utilized the large-scale atomic/molecular massively parallel simula-
tor (LAMMPS).31 Simulations were performed in theNVT ensemble
after equilibration in the NPT ensemble at the desired temperature.
Time averaging was conducted for O(108) time steps after equilibra-
tion. The time step was set to δt = 0.005τ, where τ = σ(m/ε)1/2 is the
unit of time, where m is the unit of mass and it is set m = 1 for the
purposes of our study. Temperature and pressure are measured in
units of ε/kB and σ3/ε, respectively. Simulations were performed at
different temperatures and ⟨P⟩ ≈ 0.1 in reduced units.
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III. RESULTS AND DISCUSSION
Our focus is on understanding how enhanced hyperunifor-

mity emerges in polymer melts. We will briefly discuss that poly-
mer melts as a whole is not hyperuniform due to thermal fluctua-
tion present in the liquid state. Specifically, the segmental packing
as a function of T and P for different molecular architectures and
molecular masses results in all cases h ≳ h0. Subsequently, we dis-
cuss the degree of hyperuniformity of the distribution of localized
parts of the polymer structure hL, and we will discuss the chal-
lenges involving the direct calculation of hL. Specifically, the pack-
ing of the localized substituent parts of the polymer structure is on
length scales comparable to the size of the whole polymer, which
can be several orders of magnitude larger than the length scales
related to segmental packing, thus requiring prohibitively expen-
sive simulations to probe the long-ranged density fluctuations of
the localized substituent parts of the polymer structure. We will
also propose and evaluate a set of relations that predict hL for dif-
ferent molecular architectures, molecular masses, and thermody-
namic conditions in the liquid state, thus resolving the challenge of
calculating hL.

A. Thermodynamics of polymer liquids
For liquids in equilibrium, it is well known that the structure

factor at zero-wave-vector, S(q→ 0) is related to segmental density ρ
and isothermal compressibility κT as32

S(0) = ρ kBT κT , (1)

where kB is the Boltzmann constant. If ρ and κT can be deter-
mined with a direct calculation or via an established correlation
function, see the supplementary material, then S(0) can be eas-
ily determined. Alternatively, S(0) can be directly obtained by

the plateau formed in S(q) at q σ < 1, where σ is the unit of
length and the size of a polymer segment (see Fig. 1). We note
that S(q), and by extension S(0), is determined by considering the
contribution of all the polymer segments in the polymer melt.
Examples of the polymer melts are presented in Fig. 1. We pro-
ceed by briefly summarizing the trends of ρ and κT in polymer
liquids.

For polymer chains, it is known that ρ follows the Fox–Flory
relationship, ρ∞ − ρ ∼ 1/Mw, where the density of the polymer
melt reaches to a plateau, ρ∞, for long polymer chains approxi-
mately above the entanglement threshold.33,34 For branched poly-
mers, ρ also follows the general behavior, as described by the
Fox–Flory relationship, but with some important differences. First,
branching, as in the cases of star and bottlebrush polymers, forms
more dense systems compared to linear chain melts. Specifically,
for highly branched star polymers, ρ decreases with an increase
in Mw, which is the opposite trend occurring in linear chain sys-
tems. Star polymers having a moderate number of arms (f ≈ 5
to 6 arms) are found to be at the crossover between these two
extremes.28,29 At this crossover, other notable polymer architec-
tures are also found, such as bottlebrush30 and unknotted ring
polymers.29 Analogous Mw and molecular architecture effects are
found for κT , where highly branched polymers are less compress-
ible compared to linear polymer chains.30 As Mw → ∞, the effect
of molecular architecture on ρ and κT becomes diminished28–30 [see
Fig. 2(a)].

To assess the influence of molecular topology and Mw on
hyperuniformity, we need to estimate S(0), which might vanish for
a combination of polymer topology and Mw. Surprisingly, we find
that all different molecular architectures considered, irrespective of
whether the polymers are entangled or not, have nearly the same
S(0) at a given temperature and pressure [Fig. 2(b)]. The results
for S(0) suggest that the molecular architecture has little influence

FIG. 2. (a) Segmental density ρ and isothermal compressibility κT at temperature T = 0.5 as a function of the molecular mass, Mw. Dashed lines correspond to segmental
correlations based on Dobkowski’s correlation function27 for linear chain and star polymers. The dotted-dashed lines represent ρ and κT of unknotted ring and bottlebrush
polymers. For more information on the results for star and ring polymers, see Refs. 28 and 29, and for bottlebrush polymers, see Ref. 30. The highlighted regions correspond
to polymers having (pale orange) highly anisotropic linear chain-like conformations and (blue) highly symmetric particle-like conformations. (b) Total structure factor S(q) of
polymers at zero-wave-vector (q = 0) obtained from Eq. (1) as a function of 1/T. Details on the results can be found in the supplementary material and Ref. 30. The dashed
line, S(0)−2/5 = 2.31/T + 0.93, is a guide for the eye. The glass transition temperature is Tg ≈ 0.4.28,29
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on the segmental long-scale density fluctuations because the seg-
ments fill the space in relatively the same way as q → 0 though
“residues” of thermal fluctuations keep S(0) non-zero. Since S(0) is
approximately the same, then the molecular architecture influences
ρ and κT so that 1/ρ ∼ κT , more dense polymeric materials are less
compressible.

Furthermore, we find that S(0) can be described by the simple
relationship,

S(0)−2/5 = α
T

+ β, (2)

where α and β describe the “enthalpic” and “entropic” contributions,
respectively; α and β are pressure dependent. This empirical relation
has the same functional form of a typical energy parameter in a poly-
mer fluid, e.g., Flory–Huggins χ-parameter.35 A similar relation has
been derived by Schweizer and Saltzman,36 where the exponent for
S(0) was −1/2, and evaluated with experimental data for linear poly-
mer chains. However, we are not aware of any theoretical derivation
of the relation with exponent −2/5. In our polymer model at low
temperatures, S(0) can be described by a power law relation with
an exponent of −1/2, but the errors are larger (not shown here).
Nevertheless, this disagreement signifies that these relations need to
be tested over an even wider temperature range. We find Eq. (2) to
agree well for all polymer architectures investigated in our study for
a temperature range 1 ≲ T/Tg ≲ 3.

Equation (2) provides insight into the packing efficiency of
polymer segments in polymer melts at equilibrium. As T decreases
toward Tg ≈ 0.4,28,29 the density fluctuations are progressively sup-
pressed, resulting in S(0) ≈ 0.009 at Tg. The value of S(q) at its first
peak, Sp, also changes with T variation and increases in the case of
linear chains as Sp ≈ 0.68 + 1.38/T. For the sake of the argument, we
assume that the segmental localization characterized by Sp is similar
between the different molecular architectures. This leads to Sp ≈ 4.13
at Tg and h ≈ 0.002 > h0, meaning the polymer melt progressively
approaches hyperuniformity, but h is not sufficiently small enough
to be considered effectively hyperuniform. If we assume that Eq. (2)
holds for T < Tg, then the temperature at which the segmental long-
range density fluctuations are suppressed sufficiently for h = h0 is Th
≈ 0.31, which is well below Tg.

B. Design hyperuniform polymeric material
While the whole polymer melt does not exhibit enhanced

hyperuniformity, it does not prevent the design of a material with
this feature. We have demonstrated previously that the structure
factor of the localized polymer subregions, SL(q), exhibits apprecia-
ble suppression of the long-ranged density fluctuations such that
h0 > hL.25,26 The focus on a subset of the polymer structure pro-
vides significant practical advantages since the selected segments
can be functionalized to exhibit dielectric or mechanical proper-
ties that distinguish them from the rest of the material and have
observable consequences. For example, the backbone of bottlebrush
polymers can be composed of conductive polymers,37,38 and the
nanoparticles can be metallic, semiconducting, magnetic, etc.,39,40

in the case of star-like polymer-grafted nanoparticles. However,
there are two missing components for establishing a design frame-
work of hyperuniform polymeric materials: (i) reducing the cost of
SL(0) estimation, and by extension hL, since expensive large scale

simulations for each molecular structure and thermodynamic state
are required, (ii) an understanding on how molecular characteristics
influence hL.

We expand upon previous phenomenological observations25,26

and establish the foundations of a design framework for hyper-
uniform polymeric materials. Specifically, we propose an equation
that provides a remarkably simple prediction for SL(0) (see the
supplementary material for its derivation),

SL(0) = ML

Mw
S(0), (3)

where ML is the molecular mass of the subset of polymer segments
that composed the localized polymer subregion. Previously, we iden-
tified examples of “localized” polymer subregions as the core of the
stars and polymer-grafted nanoparticles and the backbone of bot-
tlebrush polymers.25,26 Here, the degree of localization of polymer
segments is determined by the segmental relaxation at length scales
comparable to the polymer size, i.e., higher relaxation time corre-
sponds to higher degree of localization. For example, the most local-
ized polymer segment in star polymers is the core particle, while the
rest of the segments have lower relaxation times depending on their
distance from the core particle due to the intra-molecular hetero-
geneity of star polymers28 (see Fig. 3). Equation (3) can be applied
for different subsets of localized polymer segments so long they are
chosen symmetrically from the most localized segment in the poly-
mer structure. The concept that a subset of polymer segments in
the melt exhibits suppressed long-ranged correlations is counter-
intuitive since parts of the material are left out in the calculation,
effectively creating voids. Our findings suggest that the packing of
the localized substituent parts of the polymers is different than the
rest of the polymer structure.

FIG. 3. Structural relaxation time, τα, along a grafted chain for a star polymer hav-
ing f = 12 arms and M = 40 as a function of the index of the segment along the
arm y with y = 0 and y = M being the core particle and the free-end, respectively;
for more information, see Ref. 28. The behavior of τα at y < 0 is a reflection of
y > 0, and the highlighted regions and arrows outline the regions of which
segments are more or less localized.
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FIG. 4. Total static structure factor S(q) (magenta) and the structure factor SL(q) of
the localized polymer subregions having molecular mass ML (blue) are presented
for different molecular architectures: (a) linear chains having molecular mass Mw

= 11 and (b) star polymers having f = 8 arms and Mw = 41. The magenta dotted
lines correspond to the fit of the plateau of S(q) in the low q regime.

We validate Eq. (3) over different polymer architectures, a wide
range of temperatures, and ratios of ML/Mw by taking the follow-
ing steps. We determined the plateau in S(q) at the qσ < 1 region
to obtain S(0) for different molecular architectures and tempera-
tures. The values of S(0) were in agreement with the predictions
from empirical correlations such as Eq. (1) (see also the supple-
mentary material), suggesting that our systems are in equilibrium.41

In a similar fashion, SL(0) was obtained either by determining the
height of the plateau formed as q → 0 in the case of linear chains
and star polymers, as seen in Figs. 4 and 5(b), or by extrapola-
tion by fitting SL(q) to the relation SL(q) = S0(1 + cq2) for bottle-
brush polymers, where c and S0 are fitting parameters [see Fig. 5(a)].
The ratio SL(0)/S(0) obtained from calculations of S(q) and SL(0) is
approximately equal to ML/Mw for all cases examined, as seen in
Figs. 4 and 5, which is in excellent agreement with the prediction
of Eq. (3).

We also considered the validity of Eq. (3) when the interactions
between localized segments are different from the rest of the mate-
rial. If the strength of these interactions, εc, is strong enough, say
in the case of linear chains, then the localized segments will clus-
ter forming assemblies that resemble star-like polymers. Thus, it is

FIG. 5. Total static structure factor S(q) (magenta) and the structure factor SL(q) of
the localized polymer subregions having molecular mass ML (blue) are presented
for different molecular architectures: (a) bottlebrush polymers having a backbone
molecular mass Nb = 40, f = 40 side chains, M = 10 segments per side chain,
and total molecular mass Mw = 440 and (b) star polymers having f = 16 arms and
Mw = 81. The magenta dotted lines correspond to fit of the plateau of S(q) in the
low q regime, while the blue dotted lines are the result of the fits for S(0) divided by
ML/Mw. The dashed lines in (a) correspond to fits based on a power–law relation:
SL(q) = S0(1 + cq2), where c and S0 are fitting parameters.

not surprising that the resulting SL(q) curves resemble the curves
from regular star polymers [compare Figs. 4(b) and 6]. We also find
Eq. (3) to be valid for different strength of these attractive interac-
tions, suggesting that one can view different molecular architectures
as the result of more complex interactions between different parts
of the polymer structure, e.g., if the resulting clusters were highly
anisotropic, then the central segments would form assemblies that
would resemble bottlebrushes. The demonstration of the applicabil-
ity of Eq. (3) for different molecular structures, molecular masses,
temperatures, and different interactions reflects the generality and
robustness of our proposed relation.

The significance of Eq. (3) is that hL can be obtained with-
out performing expensive large scale simulations needed for the
calculation of SL(0),

hL ≡ SL(0)
Sp,L

= ML

Mw

S(0)
Sp,L

, (4)
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FIG. 6. Total and partial structure factors of linear polymer chains, having
Mw = 11 and ML = 1, at different strengths of interaction εc /ε = 1, 2, and 3 between
the core–core segments and T = 0.8. The magenta dotted lines correspond to the
fit of the plateau of S(q) in the low q regime, while the blue dotted lines are the
result of the fits for S(0) divided by ML/Mw. The dashed line corresponds to fits
based on a power-law relation: SL(q) = S0(1 + cq2), where c and S0 are fitting
parameters.

where Sp ,L is the value of SL(q) at the position of the first peak.
It is evident from Fig. 5(a) that the length scale needed to obtain
SL(0) without fitting is q σ ≈ 6 × 10−3, which corresponds to over
109 interaction centers making the simulations prohibitively expen-
sive; larger polymer structures require a even larger length scale for
SL(q → 0) reaching a plateau. However, the terms in the right-hand
side of Eq. (4) can be obtained in the high q regime, i.e., smaller
length scales. Based on our example, SL and S(0) to be reliably esti-
mated require simulations having a system size of qσ ≈ 3 × 10−1 cor-
responding to 9 × 104 interaction centers. This is four orders of mag-
nitude smaller than if we had to calculate SL(0) directly; thus, Eq. (4)
accelerates the material design process of hyperuniform polymeric
materials.

Two material design rules can be formalized on how to suppress
long-range density fluctuations of the polymer subregions. First,
SL(0) has the same temperature dependence as with S(0), which
scales as S(0) ∼ T5/2 according to Eq. (2). This is expected since
annealing a material typically leads to appreciated compression of
density fluctuations. The scaling of hL can be obtained from Eqs. (2)
and (4) so that

hL = ML

Mw

1
Sp,L
( α
T

+ β)
−5/2

. (5)

This design rule is consistent with the idea that hyperuniformity
emerges in jammed systems based on a conjecture on the jam-
ming of hard spheres1 and evaluated by simulations42 and exper-
iments.43 Second, SL(0) ∼ ML/Mw, meaning that hL decreases as
ML/Mw becomes smaller. This is important because h ≳ h0 for T
≳ Tg, and thus, a ratio of ML/Mw ≪ 1 can greatly reduce hL well
below h0, even at temperatures well above Tg (see Fig. 7). In other
words, Eq. (3) provides a design pathway for the creation of nearly

FIG. 7. Schematic for the degree of hyperuniformity h (continuous line) of the poly-
mer melt as a whole and the localized polymer subregion hL (dashed line) [see
also Eq. (6)].

perfect hyperuniform polymeric materials at any temperature in the
liquid state since SL(0) → 0, and by extension hL → 0, as Mw → ∞
and ML remains finite. Unlike the first design rule, the second
one shows that jamming is not essential for the emergence of
hyperuniformity.

Another consequence is that Eq. (3) is agnostic to the type of
the molecular architecture of the polymer. This means that any one-
component polymer fluid can be designed so that the distribution of
the localized subregions of the polymer structure exhibit enhanced
hyperuniformity, hL ≪ h0. However, the choice of molecular archi-
tecture is still important, and it is better understood if we rewrite
Eq. (4) as follows:

hL

h
= ML

Mw

Sp
Sp,L

. (6)

A decrease in hL can be achieved by enhancing the degree of local-
ization in the substituent parts of the polymer structure with respect
to the rest of the material, i.e., decreasing the value of Sp/Sp ,L (Fig. 7);
note that h ≈ h0 near Tg in polymer liquids.24,26 Branching enhances
the degree of localization of the polymer parts at and near the
branching points [compare Fig. 4(a) with Figs. 4(b) and 5], confirm-
ing our previous phenomenological observation that hyperuniform
configuration of particles can be achieved by “dressing” the particle
or molecule of interest by a polymeric layer;26 typical values of Sp ,L
are in the range of 1 ≲ Sp ,L ≲ 8 (see Figs. 4 and 5). Branching also
reduces the effect of entanglements.44,45 Indeed, linear chains (no
branching), having large molecular weight, are slow to reach equi-
librium due to the rise of entanglements and may become an issue
in practice; entanglements start to emerge in our model atMw ≈ 85.46

Thus, highly branched molecular architectures are promising candi-
dates because they provide a wider range of molecular masses that
can be utilized for the practical creation of hyperuniform polymeric
materials.

J. Chem. Phys. 153, 054902 (2020); doi: 10.1063/5.0017861 153, 054902-6

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

Finally, it is important to emphasize that while the local-
ized polymer subregions exhibit enhanced hyperuniformity, the
polymer melt has liquid-like flow characteristics since T > Tg.
In other words, the long-range density fluctuations for the local-
ized polymer subregions can be hyperuniform despite the polymer
mobility, suggesting the existence of highly cooperative motions
at scales larger than the polymer size so that hyperuniformity
is preserved in the liquid state. Indeed, in the case of one-
component fluids composed of polymer-grafted nanoparticles (sim-
ilar to star polymer melts), where the distribution of the nanopar-
ticles exhibit hyperuniform features, we previously found that
the nanoparticles become superdiffusive by thermal annealing,25

a feature observed experimentally.47 Our proposed set of equa-
tions provide a framework to design materials that exhibit novel
dynamics.

IV. CONCLUSIONS
In summary, we used molecular dynamics simulations to estab-

lish a material design framework for the practical creation of nearly
perfect hyperuniform polymeric materials by quantitatively predict-
ing the degree of hyperuniformity for the polymeric material and the
localized substituent parts in the polymer as characterized by h and
hL, respectively. We demonstrate that while there is a limit in sup-
pressing the long-ranged density fluctuations, S(q → 0), associated
with the thermal fluctuations as the polymer melt approaches the
glass transition temperature Tg similar to the limit found in other
simple liquids, the long-range density fluctuations of the localized
subregion of the polymers (e.g., the cores of the stars or backbone
chains of the bottlebrush molecules), as characterized by SL(0), is
related to S(q → 0) and the ratio of molecular mass of the localized
part of the polymer over the polymer molecular mass, ML/Mw. This
simple relation provides two significant benefits: (i) estimation of
SL(0) can be determined by quantities obtained at orders of mag-
nitude smaller length scales than in the case of directly calculating
SL(0), thus accelerating the pace of the material design process and
(ii) one can tune ML/Mw by redesigning the molecular structure
to make SL(0), and by extension hL, vanishing small and compa-
rable in amplitude to that of crystals and quasi-crystalline materi-
als even at temperatures well above Tg. In other words, polymer
liquids can be designed to exhibit material properties, associated
with long-ranged density fluctuations, at the same efficiency as with
crystalline materials. Our material design framework—evaluated
over a wide range of molecular structures (linear chains, stars,
and bottlebrushes), molecular masses, and temperatures—opens
venues for the creation of nearly perfect hyperuniform polymeric
materials.

SUPPLEMENTARY MATERIAL

See the supplementary material for additional information on
thermodynamic quantities of polymer melts.
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